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Definition (Jellium)

Domain Qu c R? of size |Qn| = N
sufficiently regular. Jellium energy is

Ejel = Z —log |x; — x|
j<k

N
+ 37 | togl - yldy
j=1 70w
1
——‘// log |x — y| dx dy.
2 QuxQpn

Thermodynamic limit exists
(Sari-Merlini 1976),

v

min & el = Neyel(1 + o(1)),

€Jel = —0.66118.
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Definition (UEG)

The indirect energy of a charge
distribution p is

Eing = _inf /

i % // log |x — ylp(x)p(y) dxdy

Z—Iog |xj — xi| dP
Jj<k

)

pp is one-particle density of P,

<

Thermodynamic limit exists
(Sari-Merlini 1976),

min & el = Neyel(1 + o(1)),

€Jel = —0.66118.
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V.

Thermodynamic limit exists for
p = 1g, (Lewin—Lieb—Seiringer 2018),

Eind(Tay) = Neyec(1 + o(1)).
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Connection: Take P average over translations of crystal configuration.

Eind(P) = /SJel(QN,Xl,. coxn) dP(x, LX) = min Egel(Qn, X1, - - XN,

if pp = 1g,. Thus epyg = €jel-

Trial state P of “floating crystal”.
Lattice L of sites. Take
{x1,....xn} =[-LL’N L

N
P=/®6Xj+ada, pe = 1y,
Q j=1

Q: Wigner-Seitz unit cell of lattice,
QI =1, Qn = U(x + Q).

(0] a Qn +a

Figure: Hexagonal lattice trial state. From
(Lewin—Lieb—Seiringer, 2019)
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Connection: Take P average over translations of crystal configuration.

Eind(P) = /SJel(QN,Xl,. coxn) dP(x, LX) = min Egel(Qn, X1, - - XN,

if pp = 1g,. Thus epyg = €jel-

Trial state P of “floating crystal”.
Lattice L of sites. Take
{x1,....xn} =[-LL’N L

N
P=/®6Xj+ada, pe = 1y,
Q j=1

Q: Wigner-Seitz unit cell of lattice,
QI =1, Qy =U(x + Q).
Neglecting boundary terms

Eind(P) = NeﬁI

(0] a Qn +a

More particles in unit cell — periodic

Figure: Hexagonal lattice trial state. From jellium.

(Lewin—Lieb—Seiringer, 2019)

Asbjgrn Bakgaard Lauritsen (ISTA) Floating Wigner Crystal 2022-08-16 3/6



Problem - O(N log N) shift in energy from charge pileup at boundary. (O(N) in
dimension d # 2)

Lewin—Lieb—Seiringer gave better trial state with pp # 1g,. Idea is to “melt”
crystal at edges. Resolves problem in dimension d = 3. Technical issue in d = 2.

We need trial state P with density 1g,.
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Lewin—Lieb—Seiringer gave better trial state with pp # 1g,. Idea is to “melt”
crystal at edges. Resolves problem in dimension d = 3. Technical issue in d = 2.

We need trial state P with density 1g,.

Theorem (Lewin—Lieb—Seiringer 2019; Cotar—Petrache 2019)
EUEG = €lJel in dimensions d > 3. J
False in d =1,
e _ 1 e _ 1
UEG.d=1 = &> Jel.d=1 = 75
(Baxter 1963; Kunz 1974; Choquard 1975; Colombo—De Pascale-Di Marino 2015)
Theorem (L. 2021)
EUEG = €Jel in dimensions d > 2. J
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Trial state
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Periodic configurations

In dimension d. Riesz interaction V(x) = sgn(s)|x|~* instead of Coulomb |x|>79.

Theorem (L. 2021)

Lletd—4 <s<d. Let L cR? be a lattice. Then the Jellium energy of the lattice
configuration is

Lr(s)  ifs>0,
ek, =14,0 ifs=0,
—lp(s) ifs<O.

Lattice zeta-function £ for a lattice £ c R is (analytic continuation of)

{r(s) = % Z %, Re(s) > d.

xeL\0

Compute for triangular lattice. Gives —0.66056. .. > eje|.g=2 = —0.66118. ..
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